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Supersymmetry and generalized calibrations
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A static minimal energy configuration of a supggebrane in a supersymmetria ¢ 1)-dimensional space-
time is shown to be a “generalized calibrated” submanifold. Calibrations and AdS,. ; are special
cases. We present seveldbrane examplegS0556-282(199)09418-1

PACS numbds): 11.25—-w

I. INTRODUCTION wheree is a constant real spinbnormalized so that

T __

A superp-brane[1-3] is a charged-dimensional object €e=1, )
moving in superspace, with a charge equal to its tension . . . .
which we set to unity. If the superspace is a supersymmetricndrm;”'mk are antlsymmetnzed prOdl_JCtS _Of the M|nl_<owsk|
one, then the r{+1)-dimensional spacetime will admit a spacetime Dirac matrices. Many calibrations of this form
timelike Killing vector fieldk and the motion will conserve a Nave been showfi6] to calibrate supersymmetric intersecting
corresponding energg. The fact that the-brane is charged Prane configurations i theory (for which e is a real 32-
means that it couples to a superspape- ()-form potential component spinor of the 11-dimensional Lorentz gpoup

A. There are therefore two contributions to the energy denSimilar calibrations were earlier discussed in the context of
sity of a static brane, one proportional to treolume den- Calabi-Yau compactifications of string thedi]. The essen-

sity, the other an “electrostatic” energy density. The fial pointis that, given a tangeptplanes, we can writee|,

p-volume density is\/detm wherem is the induced world- @S

spacep-metric. The electrostatic energy density is the world- — [Fara T

space dual of the-form induced byi,A; let us call this®. ¢l¢= Vdetme T'ce, @
Thus, as we shall confirm below, stable static bosonic 50|Uwherel“§ is the matrix

tions to the world-volume field equatiofithe “brane-wave”

equationy minimize a potential energy functional of the 1 o | |
form F=——xc'tpg X't X'y ., (5
p! Jdetm 1 o7 Ol
evaluated at the point to whichis tangent. Given the above
E=f dPofvydetm+®], (1)  restriction on the values qf, we have

r2=1. (6)

whereo' (i=1,...p) are the world-space coordinates and

. ' : . It follows the ¢|<Vvol; for all & Sincee is also closed, this
is a redshift factor; for static spacetimess \— k2. We shall #le ¢ ¢ ¢

Il th . i . “inimal d " E means that it is a calibration. The “contact set” of the cali-
call these static configurations “minimal world spaces.” For 4t s the set op-planes for which this inequality is

a vacuum superspace bag:kgrounij the spacetime I8, rated. By the theorem of Harvey and Lawson, these are
(n+1)-dimensional Minkowski spack". In this cased 4 tangent planes of a minimal surfded.
=0 because thep(+ 1)-form Ais purely fermionic. In addi- We see from Eq(4) that an alternative characterization of

tion, v=1, so in this case a minimal world space is a Mini-yha contact set is that set pfplanesé for which
mal surface ink" in the usual sense. We see that super

p-branes provide a natural framework for an extension of the Ie=e. (7)
notion of a minimal surface ifi" to minimal world spaces in
more general Riemannian spaces. Because of Eq(6), this equation is automatically satisfied

Supersymmetry did not play a major role in the abovefor any giventangentp-plane¢ and, since tf'=0, the solu-
discussion, and it might be deemed an unnecessary complions e belong to a 1/2 supersymmetric” subspace of spinor
cation. However, a large class of minimal surfacediinis  space. However, this solution space generally varieg as
composed of calibrated surfaces for which the calibratingvaries over the contact set, so the solution space of the set is
p-form, or “calibration” [4], admits a spinorial construction generally smaller. The connection of calibrations to super-
[5]. Let x™=(x°x") be the Minkowski spacetime coordi- symmetry observed if6] is based on the fact that the matrix
nates, withx' (I=1,...n) being Cartesian coordinates &f. I' is closely related to a matrix with similar properties ap-
Then, for p=1,2mod4, thep-form calibration takes the
form

The requirement that be real restricts the spacetime dimension

and, hence, the space dimensianthe extent to which the con-

N I, T
¢=dx1L)--Ldxee FOll"'lpe’ 2 straints onp andn may be relaxed will be discussed below.
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pearing in thex-symmetry transformations of the world- ciated minimal world-space property of calibrated surfaces,

volume fields of the supgp-brane in its Lagrangian formu- we then move on to the explicit examples.

lation. In fact, for time-independent world-volume fields in

the gaugex’=t the latter matrix reduces to the one of Eq. [l. SUPERSYMMETRY ALGEBRA

(5), but in this context the conditiof¥) is just the condition AND THE CALIBRATION BOUND

for preservation of some fraction of supersymmetry; the total . . . .

number of preserved supersymmetries is the dimension of We begm_ by making preu;&the %OHIS;U’UCIIOHS alluded to

the solution space foe. Note that although the specific form in the opening paragraph. L™= (x",6") be the super-

of the calibratingp-form given above required restrictions on space coordinates. The geometry of superspace will be as-
i - sumed to be determined by the Lorentz frame one-forms

bothp andn, the results can be extended without difficulty to

Il th . f hich th i b EA=(E® E®% and the p+1)-form potentialA; we will as-
a t ose palrs(p,p)”o.r which there _ewsts a supgrbrané g ;e throughout that the only nonvanishing component
action. The possibilities were classified[i8] under the as-

: i X fields are bosonic. The superspagpe-(1)-form A appears in
sumption that the only bosonic World-volumg flel'ds are sCahe | agrangian form of the action via its pullback to the
lars, and these are the cases that we have in mind here. TRg,/|d volume and the integrand can be written in the form
L1-dimensional supermembraf® is a simple example W't.h 7M Ay where the overdot denotes differentiation with re-
(p,n)=(2,10). Of course, many of the results to be obtaine pect to an arbitrary world-volume time the coefficients

will - apply _to other branes such aB-branes and the Ay are the components of the one-fornobtained by con-

MS-brane if one sets to zero any nonscalar world-volumgeaction of A with the p tangent vectors spanning a tangent

flel_ds. I_n fact, most discussions to dz_;\te of the relevance Of)-planef to the p-dimensional world space, i.e4=A|,.

calibrations to branes have been in the context of theygu letx™=(x°,x), wherek= 9/9x° is the timelike Killing

MS5-brane. vector field, and fix the time reparameterization invariance
Most previous discussions have also concentrated on thgy choosingx®=t. Then

case of branes in a flat Minkowski background. In consider-

ing the extension to nonflat backgrounds it is convenient to M Ay =D +X' A+ pMAM, (8)

distinguish between those for which the energy functional of

a p-brane is still equal to the integral of thevolume and where® is a superfield with the electrostatic potential den-

those for which the more general formutB is required. In  sity as its lowest component. As is customary, we use the

the former case, a statjebrane is agai a a minimal surface same symbol to denote a superfield and its lowest compo-

and supersymmetric minima)-surfaces are calibrated by nent. Note thatb is the world-space dual of the pullback of

p-form calibrations in much the same way as in the abovéiA. The world-space metric igy;=EE} 7,5, whereE;?

discussion. The examples Bf] are in this category. As we =d,Z"Ey? and 7 is the Minkowski metric. Omitting fermi-

shall show here, the recently discus$8#i“lump” solitons  ons it reduces, in the®=t gauge, to

on theM 2-brane in arM-monopole background provide ex-

amples of Kaler calibrations of this type, and there are a mij = X' 9;x’gy3 , 9)

number of related Kaler calibrations that we discuss. If, on ) . . ) ) )

the other hand, a static brane of minimal energynig a  Whereg; is the metric on a spatial section of spacetime; i.e.,

minimal surface, then it cannot be a calibrated surface in théhe p-metric on world space is induced from themetric on

sense of4], but it may still be a calibrated surface in a more SPace. ) ) _

general sense because it may be calibrated by a form that is The superp-brane Lagrangian density can be written as

not closed; examples are provided by the “anti—de Sitter” 1

(*AdS™ ) calibrationg 9] which calibratep-surfaces of mini- I Mp _ dEas Ty =2

mum p-brane energy in anti—de Sitter backgrounds. The AdS L=L7Pu—SEiPa 2 NP~ detm), (10

examples suggest a definition of a “generalized calibration,” _

which we present here; we then show, by a straightforwaravheres' and\ are Lagrange multiplers, and

extension of an argument [8], thatp-surfaces calibrated by

such generalized calibrations are “minimal world spaces.” Pa=E." (Pu+Aw). (12)
We discuss a nhumber of examples providedMypranes in
1/2-supersymmetridl-theory backgrounds. This is not its fully canonical form becaugesymmetry im-

Another purpose of this article is to show how the con-plies a constraint for which there is as yet no corresponding
nection between calibrations and supebranes follows di- Lagrangian multiplier. However, this constraint affects only
recﬂy from the Supersymmetry a|gebra of Noether Charge&e fermionic variables. If we set all world-volume fermions
[10,11). In particular, we shall see that all the properties ofto zero and use the identiyx™A,=0, then
generalized calibrations arise naturally in this context. For
this reason we shall begin with this analysis. Since the su-
persymmetry charges are integrals of functions on phase
space, it is natural to start from the Hamiltonian formulation,
the details of which can be found ji2—14. Having defined ~ where, nowp?= g™ Pm, With Pm=pm+ Am andg™" the
the notion of a generalized calibration and proved the assdnverse of the spacetime metmig,,= E,2E.°7,,. Now set

. 1
L=X"py—S 3:X"pry— E)\('ﬁz+ detm), (12
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Pm=(—H.,Py) (13
and impose tha®=t gauge, to get
L=x'p—H-s'oX'py, (14)

where the Hamiltonian density{ is found by solving the
Hamiltonian constrairp?+ detm=0. This yields

H=d+V'D+ v gy, PP+ detm] 2, (15)
where
gtl
V=g =g (16)

andgy;, is the inverse of the spatiakmetricg,;. For sim-

plicity, we now restrict ourselves to static spacetimes, for

which v' vanishes. In this case= \—k?. For static world-
volume configurations we may s@; =0 and the Hamil-
tonian density reduces to

H=®+ v/detm. (17)

Becausek= 4, is a Killing vector field,m;; and® are time

PHYSICAL REVIEW D60 106006

{Q.Q}=F9f dPo [P+ v]. (21

This result has not been directly established in full gener-
ality, but it agrees with the flat space cqdé)] and those
nonflat cases that have been analyget]. That it must be
correct follows indirectly from considerations af symme-
try, as will now be explained. The-symmetry transforma-
tions were given in the required form [43]. In particular,
the transformations of the fieldZz™ are such that
5,.ZMEn2=0 and

8, ZMEn*=[T*Pa— (—1)Py]x. (22)

Since E,,“ vanishes for a bosonic background akg“
=4," at =0, we may write thex-symmetry transforma-
tion as
8, 0=[I""Pa—(—1)Py]«x. (23)
This gauge transformation allows half the world-volume fer-
mions to be gauged away. The supersymmetry transforma-
tions of the remaining half take the form

8.0=€+ 5,0, (29)

independent. The integral ¢ over the world space yields Where «(e) is now a specific matrix function of world-

the potential energy functiona of Eq. (1).

volume fields acting on the constant spinerlts precise

Supersymmetries of the background are associated witfPrm depends on th&-symmetry gauge choice, and it has

Killing spinor fields. In many simple cases these take thethe effect thats.6=M e for some matrixM [15]. The matrix
form of a function times aconstantspinor e subject to a M depends on the world-volume fields and hence, for static
constraint of the form", e=¢, where the constant matrix fields, on the world-space coordinates. At any given point on
T, is characteristic of the background. In particular, all 1/2-world space it is a matrix for which half the eigenvalues
supersymmetric backgrounds have Killing spinors of thisvanish. This is due to the fact that, locally, the brane realizes
form with T, a traceless matrix such thBf =1. We shall half the supersymmetry nonlinearly. The spinarscorre-
assume here that the background superspace is of this typgPonding to the linearly realized supersymmetries are the
In addition, we continue to make the inessential, but simpli-€igenspinors oM with zero eigenvalue. These are the super-
fying, assumptions thap=1,2mod4, and that spinors are symmetnes preserved, locally, by the brane. The supersym-
real. In these cases we may take the charge conjugation mgietries that are globally preserved correspond to those
trix to equall’?, where the underlining indicates a constantSPiNorse that are eigenspinors dfl with vanishing eigen-
Lorentz frame matrix. The matrik of Eq. (5) can be gen- value for every point on world space. Thus a world-volume

eralized to nonflat spacetimes by taking configuration is supersymmetric if the equatidf(c)e=0
has solutions for constart This is equivalent to the equa-

[detml' =T, 18 tion 6.6=0.
oY (18 We now note the identity
where ~ -
[T%Pat y16,6=[(p*+detm)—2(ax'p) ¥ v]x, (25
y= isil---ipai 19, X'l (199 Wwherey'=m'g;x'T',. The right-hand side vanishes as a re-
p! ! P voe sult of the Hamiltonian and world-space diffeomorphism

) o constraints. Using these constraints, we deduce dpét 0
Note that, given the restriction on the valuespofve have  jmplies

y?=—(=1)Pdetm. (20 [T%Pat y]e=0, (26)
Given our assumptions about the background, the supersymhich is an alternative form of the condition for preservation
metry charges will take the form of spinor functiondls, of supersymmetry that obviates the need to compute the ma-
subject to the constrai®@I’, =Q. We will proceed by tak- trix M. This is the Hamiltonian form of the supersymmetry
ing this projection to be implicit and checking consistency atcondition derived in[16,17] from the Lagrangian formula-
the end. With this understood we can write the supersymmetion. Observe that the matrix multiplying is precisely the

try anticommutator as matrix appearing in théQ,Q} anticommutator, as required
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for consistency because it is manifest from Ef1) that

eigenspinors of this matrix with vanishing eigenvalue corre-

spond to supersymmetries that are preserved byibhene
configuration.

We now turn to the consequences of the algdRda for
static configurations witf, = 0. Given the normalized spinor

e of the earlier discussion, we deduce from the positivity of

{Q,Q} that

—Po—ve'Toye=

0. (27
The first term on the left-hand side is just/detm, by the
Hamiltonian constraint. For the second term we have

ve'Toye=o¢l;, (28)
where ¢|; is the evaluation on a tangemptplane ¢ of a
p-form ¢ that is formally identical to Eq(2), but now with
IFp=vT'g, and Dirac matricesI’, satisfying {I';,I";}
=2g,;. Thus Eq.(27) is equivalent to

(p|§SVVO|§. (29
SettingP, =0, it follows from Eq.(21) that
2Qer= [ wolH-Giatold (@0

The term in the integrand other th&# constitute a central
extension of the supertranslation algebra, and it follows fro

general considerations that such extensions are topologic

In other words, thep-form i, A+ ¢ must be closed. Equiva-
lently,

de=7F, (31
where 7= —diA. A p-form ¢ that satisfies both the in-
equality (29) and the conditior{31) will be called a “gener-
alized calibration.” This definition is modeled on the defini-
tion of an “AdS” calibration in[9], and AdS calibrations are
examples of “generalized” calibrations; we will later pro-
vide some further examples that are not AdS calibrations.

It will now be shown that the calibrated manifolds of a
generalization calibration are minimal world spaces; the ar
gument is a straightforward extension of the one given fo

AdS calibrations in9]. Let U be an open subset of a cali-
brated manifold of a generalized calibratign Then

J dPo v\/detm=f ®.
u U

(32

Now let V be another opep-dimensional set in the same
homology class asU with gV=gU, and let D be a
(p+1)-surface withoD=U —V. Then

foe o e

Using Eq.(31), we have

(33

PHYSICAL REVIEW @D 106006

Jqu;:—de(ikA)zfvdpmb—fUdpmb (34)

and, hence,

fudpa[vM+q>]=fv¢+fvdpaq>
$fvdp0[vx/m+q)], (35)

where the inequality follows from Eg29). We conclude
that

E(U)<E(V), (36)
whereE is the energy, and, hence, thatinitially defined as
a subset of the contact set of a generalized calibration, is also
a subset of a minimal world space. Sindes arbitrary, we
conclude that the entire calibrated manifold of a generalized
calibration is a minimal world space, as claimed. We remark
that if di,A=0, then the above bound of the generalized
calibration reduces to the bound for calibrated manifolds
saturated by minimal surfaces.

Before proceeding to the examples we should discuss one
potential difficulty with the application of the above ideas. In
many cases of interest, static branes are invariant not only
under time translations, but also under some numbegy,
of space translations. In fact, in these cases the invariance

roup is usually the Poincagroup of isometries of(*), in

hich case the brane configuration has an interpretation as
an |-brane soliton on th@-dimensional world space, i.e., an
I-brane “world-volume soliton.” Forl >0, the energy den-
sity is independent of some directions and the total energy
will be proportional to the volume of!, which is infinite.
This problem can be resolved by periodic identification of
thel coordinates. Alternatively, we may minimize the energy
per unitl-volume, which we also denote iy This is

Ezf dP o v, Jdetm+®|], (37)

where(for static spacetimes,=+detm, with m, being the

induced metric ori*"), andm s now the induced metric on

'a section of the world volume with constaRit*") coordi-

nates. Similarly®, is induced byi ko---iklA wherekg,... K|

are the translational Killing vector fields &f'!). This is the
functional used in9] to construct the AdS calibration bound.
For every configuratiorB that minimizes the above energy
functional, we find ap-brane solution with topology(*")

X B. The considerations of supersymmetry that we have de-
scribed above for the=0 case can easily be extended to the
>0 cases. In particular, a generalized calibration satisfies

¢|s=<w vol,
de=F,

where F' = —diy i A,

(39
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lll. M2-BRANES AND GENERALIZED CALIBRATIONS the centers ini® of the M, metric to be au=*L on theu

We shall begin by discussing some examples of ordinanXiS- Then the two-cycle ig,u; —L<u<L}.
calibrations in nonflat backgrounds. This will allow us to 10 find the energy of the lump soliton one must subtract
provide an interpretation in terms of calibrations of somell€ vacuum energy of thel2-brane probe. To see how this
recent work on sigma-model lump solitons on ¥@-brane M2y be done we note that the energy of the lump is indepen-
[8]: specifically, we show that they correspond to calibratec?®nt Of its size, which is arbitrary. A zero-size lump corre-
two-surfaces associated t6 Iar calibration€ We will then ~ SPONds t0 a point intersection of té2-brane probe with
the wrappedM 2-brane. The twoM2-branes can then be

turn to the cases associated with generalized calibrations. i ;
moved apart, without changing the energy, so that they

The general setup for lumps on &2-brane is a probe ° _

M2-brane in a supergravity background of the fofi}? overlap” rather than myersect. We then.have two separatg

X Mg with metric M Z-pranes, each of which must be a cal!brated sur_fac_:e_. This
is evident for the prob&12-brane, which is now an infinite

dszzdsz(]E<1~2))+ds§. (39 planar membrane iffi*; it is calibrated by the two-form

dx*Odx?, and its energy is the infinite vacuum energy. The

We embed the world volume and fix the world-volume rep-energy of the lump soliton is therefore equal to that of the

arametrizations such that tti&"? coordinates are identified wrappedM 2-brane. The energy is finite since the volume of

with the world-volume coordinates. We then consider statichis surface is finite. The surface itself, described above, is

world-volume configurations/®=y?(¢',0?)}, where {y2,  calibrated by the Kialer two-formwj.

a=1,..,.8 are coordinates foMg and (0,0 are the Various generalizations of this construction are possible.
world-space coordinates. Th2-brane energy is then A multicenter metric has various finite area holomorphic
two-cycles around which akl2-brane may be wrapped. In-
E:j d20-\/detm, (40) tersections with another infinite plankt2-brane are again,
when desingularized, lump solitons, although there is now

) o ) . more than one type of lump. Another generalization arises
wheremis the metrlc mdgced.frordé. We see that, in this .0 the fact that the eight-metrkt% could be any eight-
case, the redshift factaris unity, and® vanishes. dimensional Ricci-flat metric, although it must have reduced
The case considered ifB] was Mg=I"XM, with @ p50n0my if the background is to preserve any supersymme-

Kaluza-Klein(KK) monopole metric oiM,. This is a circle try. The possible reduced holonomy groups are(BSU
bundle overk:® with the circle degenerating to a point at the SU3), SU4), G,, Spin(7), and Sg2). For M2-brane probes
1 " H H . 3 1 H ) il .

centers” of the metric, which are points ii". The subcase j, these backgrounds the only relevant calibrations are of
considered iri8] yvas-the.twef)-center metric, for which there gegree 2, and the supersymmetric backgrounds admitting a
is a privileged direction int:” defined(up to a sigh by the  gegree-2 calibration are those for which the holonomy group
line between the two centers. Letbe a unit vector in this ;g SU?2), SU3), SUA4), or SH2). All these cases admit
direction. The metric is hyper-Keer, so there are three com- zhjer calibrations: the calibrated surfaces are holomorphic
plex structures, (r=1,2,3). In particular, the linear combi- to-dimensional subspaces.
nation So far, we have not needed the full powergeferalized

J=n'l (41) calibrations. These arise by placihg2-branes in eD=11
' supergravity background with nonvanishing four-form field

is a complex structure. The lump configuration of thestrength. An example is provided by av2-brane probe

M 2-brane discussed {i8] is associated with the two-form placed parallel to #2-brane background. The relevant cali-
brations that describe the supersymmetric dynamics of the

e=dx!0dx*+ w;, (42 probe are Hermitian of degree 2. The metriand the elec-
trostatic potential® of Eq. (1) are induced via the map
wherew; is the Kanler form of J with respect to the hyper- x'(o)=0d"', y2=y3(o), from the metridds’=g,;dY'd Y’ and
Kahler metric onM,. This is a Kaler form onE2xM, and  the three-formF= —di,A, respectively, where
satisfies the inequalit§29). It is therefore a calibration. The

calibration bound is d2=H 23 (dx)2+ (dx?)2]+ H3s,,dyadyP
E=[g, I
F=dH Odx Odx*, (43
which is saturated by the lump configurations. These are
desingularized intersections of th&2-brane probe with an and H is the familiar harmonic function of the multi

M2-brane wrapped on the finite area holomorphic two-cyclevi 2-brane supergravity solution. The redshift factor ris
of the background. This cycle can be described as follows=pH~1/3,

Let 6 be theS" coordinate for thes" fiber of M, and choose To define the Hermitian-generalized calibration relevant
to this case it suffices to give the Hermitian form of the
complex structure on the ten-space. This is

2Solutions to the Cayley calibration equations found18] were
characterized there as “octonionic lumps.” w;=H1dx'0dx*+ w (44)
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wherewy is a (constant Kahler two-form fork. Note that space coordinates. The four functiopd define a minimal
F=dwj, as required for a generalized calibration. In addi-embedding ofB in M, associated to the calibration four-
tion, w; is the two-form obtained from the almost-complex form
structure by raising an index with the rescaled metric

1

8= vds= H Y[ (dx})2+ (dx%) 2]+ 8,,dy°dy>. (45) =g ot “n

The almost complex structure is constant and hence intdf we take M;=Kj3, then theM5-brane is wrapped oK

grable. It then follows from Wirtinger’s inequality that; is ~ and can be identified with the heterotic stririp]. We have

a generalized calibration. The calibrated surfaces are holdlow seen that this wrapping can be described by saying that

mophic curves in théM 2-brane background. Note that the B is @ minimal four-surface ik calibrated by an S(2)

metric i induced on world space by the rescaled medg¢ ~ Kahler calibration of degree 4.

is such that/deti= v+/detm. Exam_ples ofgeneralizedcali_brations can be found .by
There are many holomorphic curves in thé2-brane considering arMS—brqne probe in aMS—brane supergravity

background. For embeddings of the form=o', y@ background, for wh[ch the metric and seven-form field

—y3(o), as above, they are roughly characterized by théstrength are, respectively,

number of “active” transverse scalars. From the bulk per-

. . . L. — 173 (1,5 2/3 5
spective, every pair of active scalars is interpreted as the ds?=H"ds?(EH9) + H2%d s*(I°),
world-volume coordinates of anothit2-brane, so the bulk o 5
interpretation of the solution withk2active scalars is that of F=—dH™"Odx"Odx"[- -~ Odx°, (48)

k+ 1 M2-branes intersecting, or overlappifript necessarily . ) , 5 .
orthogonally, on a O-brane soliton, all in the given whereH is a harmonic function ofi>, which we choose to
M2-brane background. This interpretation suggests that thie
proportion of the 32 supersymmetries preserved by the probe
M2-brane is 21, in agreement with the proportion de-
rived using the contact set Sk} 1)/S(U(1)xU(k)) of the
calibration(note that for these examples the presence of th
background does not affect the count of supersymmeitries

H=1+pu/r3

for positive constanju. We assume here that the self-dual
ree-form field strength on th®l5-brane vanishes; other-
wise the theory of generalized calibrations elaborated here
would be inapplicable. The Bianchi identity for this field
IV. M5-BRANES AND GENERALIZED CALIBRATIONS strength then implies that the pull-back to the world volume
of the four-formF must also vanish. This condition is not
satisfied for five active scalars, so we consider only those
cases with four or fewer active scalars; for a multicenter
M5-brane solution further restrictions would be needed.
There are still many more cases to consider than there were
for the M2-brane. These include “Hermitian,” “special al-

N . . . - 4 most symplectic” (SAS and “exceptional” calibrations,
Kahler calibration of degree 2 discussed above is again apjenerajizing the corresponding calibrations that have been

plicable; the interpretation is &4 5-branes intersecting on a investigated in the “near-horizon” AdS backgroun@].
three-brane in a KK-monopole background. However, thererq cajipration bounds depends on the degree of the calibra-
are now other, higher-degree, calibrations to consider. Ong, ang the number of active scalars. We are therefore led to

such case is a degree-4 Iler calibration, which we now 4 gganization in which we first specify the number of ac-
describe. LetX",x') (i=1,2,3,4,5) be Cartesian coordinates (je scalars and then consider the various degrees for the

15 _ : - She .
for £(9), and I_etya‘ga— 1,...4) b94(3_00rd'”ates a,. C(l)g)' calibration form. In what follows{x?,... x>~'} will denote
sider the manifoldi*x M, whereli* is the subspace df* the world-volume coordinates of thiel5-brane which are

. O 5 . . 'Y . - 3
with constantx™ and x>. This is a Kaler manifold with  {ransverse to thel-brane world-volume soliton and

Lumps are also relevant to statM5-brane configura-
tions. For this we place all 5-brane in a background of the
form E&5x M where theMs metric is Ricci flat and, for
preservation of supersymmetry, has holonomy in(ZUIt
follows thatMs=EXM,, with a direct product metric such
that the M, metric has holonomy in S@). The SU2)

Kahler two-form {y!,....y"}, n<5, will denote the transverse scalars. As in
the M2-brane case, it is convenient to consider a rescaled
w=dx'0dx*+dx*0dx*+ oy, (46)  metric. Taking this rescaling into account, we have
wherew; is defined as for the case of thé2-brane. We fix d&= /5 H R 2(E® D) + HZd2(EN)],
the world-volume diffeomorphisms, and partially specify the
embedding of theM5-brane in spacetime, by choosing Fl=dH0Odx*0---dx>, (49)

=t and identifyingx' with the world-space coordinates.

In addition, we choose the four functiog8 to be indepen- wherey;=H(*1Y The static solutions will b/ 5-branes
dent of both the time and one of the world-space coordinatesvith topology E®*")x B, whereB is a calibrated surface of
This means that th&15-brane has topologii*’x B where  dimensionp—|. We now consider the various subcases in
B is a four-surface parametrized by the other four world-turn.
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A. Hermitian M5-brane calibrations Lol Tl 5l e=c,
There are four Hermitian calibrations relevant to the
M5-brane which are best distinguished by the group that I Iye=Tgl'7e,
rotates the complex planes in their contact set. In all cases,
the calibrated submanifolB is a holomorphic submanifold I'1I're=Tglge, (55)

of the M5-brane background.

SU(2) Hermitian calibrationsThese are degree-2 calibra-
tions with two transverse scalars. The relevant four
dimensional metric and form field strength are

d¥=H"'(dx")?+ (dx*)?]+ (dyh) 2+ (dy?)?,

and so the solution preservgsf supersymmetry. The bulk
interpretation of the configuration is as intersecting
M5-branes at S(B) angles for which the corresponding or-
thogonal intersection is

M5 0,1,2,3,4,5,,* % ,*,

F3=dH10dx0dx?, (50
M5 05*1*1314!51617155*!

respectively. The calibration two-form is
M5 07,*,3,4,5%,%,8,9. (56)

14yl 24 gyt 2 . . L. .
e=H "dxTdx"+dyTdy, (51 The other SW3) Hermitian calibration is a degree-4 cali-
bration with two transverse scalars. The relevant metric and

which is the Hermitian form of a complex structure. The .
form field strength are

complex coordinates afg*=y!+iy?, z2=x'+ix?}, and the

calibrated submanifold is given by the vanishing locus of a T2=H Y2 (dxH)2+ (dx)2+ (dx3) 2+ (dx)2
holomorphic functionf (z*,z?). The “Killing” spinors obey LX) A%+ (d) 7+ (dx7]
the conditions +HYZ (dyh)2+ (dy?)?],
FOF1F2F3F4F56: €, fl=dHilDXmDdX2DdX3DdX4, (57)
' Te=Tgl e, (52) respectively. To describe the calibration form, we introduce

the Hermitian form

where the gamma matrices are in an orthonormal basis. We e 4 Ao 3a o Ao
conclude that the solution preserves of bulk w=H"Ydx'0dx*+dx’0dx']+HYdy' Ody?; (58)
supersymmetry.The bulk interpretation of the solutions is
that of two M5-branes intersectinfat SU?2) angleg on a
three-brane, with one of them parallel to the background.

SU(3) Hermitian calibrationsThere are two cases to con-
sider. The first is a degree-2 calibration with four transverse
scalars. The relevant metric and form field strength are

the complex structure can be found by raising indices with
the metricd®3. The calibration form isp=2w0w. In par-
ticular,

e=H"tdx!0dx?0dx30dx*+ dx*Odx20dy* Ody?

+dx*0dx*Ody*Ody?. 59
%= H " (dx!)?+(dx?*)?]+ (dy!)?+ (dy?)*+ (dy®)? ” e %9

The holomorphic coordinates ar@&'=y!+iy?, z?=y?

2
+(dyh?, +iy4, z8=x'+ix?}, and the calibrated surfaces can be de-
3 A2 scribed as the vanishing locus of a holomorphic function
FP=dH " 0dx"Udx?, (33 £(z1,22,7%). The Killing spinors satisfy the conditions
respectively. The calibration two-form is ol Tl D=,
e=Htdx'Odx*+dy'Ody*+dy*0dy?, (59 [\ T,e=Tgl e
which is again the Hermitian form of a complex structure. Tl ,e=Tgl e (60)

The holomorphic coordinates ar&'=y'+iy?, z?=y?

4 3_yl,:iy2 H .
+iy®, z2=x"+ix}, and the calibrated surfaces can be de-anq so the solution preservgsf bulk supersymmetry. The
scribed as the vanishing locus of two holomorphic functionsy|k interpretation of the configuration is as intersecting

t{(z},2%,2°),f%(z",2%,2%). The Killing spinors satisfy the \5.pranes at S(8) angles for which the corresponding or-
conditions thogonal intersection is

M5 0,1,2,3,4,5,,*,
3The first of these conditions can be interpreted as due either to

the background or to the probe, so the examples being considered M5  0x,*3,4,5,6,7,
are those for which the background does not impose additional
constraints. M5 0,1,2%,*5,6,7. (61
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SU(4) Hermitian calibration.The calibration of interest degree-3 SAS calibration is a three-dimensional submanifold
from the M5-brane perspective is the degree-4 calibrationn a six-dimensional manifold and the degree-4 calibration is
with four transverse scalars. The relevant metric and forma four-dimensional submanifold in a eight-dimensional

field strength are manifold.
_y 1o - - 5 For the degree-3 SAS calibration, the relevant metric and
d&°=H"Y{ (dx")?+ (dx?)?+ (dx®)?+ (dx*)?] form field strength are
+HYA (dyh)?+ (dy?)?+(dy®)?+ (dy*)?],
d-'SZ:HfZ/ d12+d22+d32+H1/ d12
F=dH10dx 0dx20dx30d (62) LD+ (e ()] + HH (dy)
+(dy?)?+(dy®)?],
respectively. To describe the calibration form we introduce
the Hermitian form FP=dH 10dx*0dx20dx3, (66)
w= H’llz[dxlDdszr dX3DdX4] respective|y_

i H1/2[dy1|:|dy2+dy3|:|dy4]. 63) To proceed we introduce the orthonormal frame

p— 14— 1/34yP <p<
Then the calibration four-form ig=3ww, i.e., eP=H X", 1<p=s,

o= H~1dx}0dx20d 30X+ [ dx 0dX20dy O y? e?"P=H"dy?, 1<p=3. (67)
+dx'0dx20dy30dy*+ dx3Odx*Od y* Od y?
+dx30dx*0dy*0dy*]+ Hdy*Od y?Od y3Od y*.
(64) , .

The complex coordinates arg'=y!+iy?, z2=y°+iy?, wzzl epDe‘°’“’=H71’6;1 dx Ody'. (68)
2=x+ix? z*=x3+ix*, and the calibrated manifolds can P
be described as the vanishing locus of the two holomorphigjgjng the almost complex structure associated with this al-

fU”CtiPUSfl(Z_l’ZZ’ZS’ZA)'f2(21'22123'24)- The conditions on  yost symplectic form, the calibration form is found to be
the Killing spinors are

The almost symplectic form is defined as

Fol'1I'ol'sl' s I'se=e, e=Re(et+ie*)O:--0(e3+ie’)
I'1T2e=Tgl'7€, =H " dx'0dx?0dx3
Tal4e=Tel e, —dx!0dy?0dy®— dy'Odx?Ody® — dyOd y?0d 3.
(69)
F6F7E:r81—‘96, (65)

Repeating the same arguments as in the AdS cal,ithe

and so the solution preservesof bulk supersymmetry. calibrated submanifolds are seen to be determined by a
In all of these cases it is clear that=d¢ as required for  single real functiorf (x*,x2,x3) such that
consistency. In addition, in all the above cases an alternative
interpretation of the solutions is &5-branes with topology i 123
EMxC, for either I=1 or 1=3, where C is a y= Wf(x X5X5),
(5—1I)-dimensional holomorphic cycle.
H™16™9d,f = det(9;9;f ). (70)
B. SAS calibrations

) ) o The Killing spinors of such solutions satisfy the condi-
The special almost symplectic calibrations of AdS?, tions

which is the near-horizon geometry of tM5-brane, have a

natural generalization in the fulM5-brane background. The Lol oIl Tee=ce,

SAS calibrations associated with &h5-brane probe placed

parallel to anM5-brane supergravity background have de- ol Cslel7e=—¢,

grees 2, 3, or 4a calibration of degree 5 would have to

involve the two-form tensor field and is therefore excluded ol Islelge=e, (72)

The degree-2 SAS calibration is identical to the degree-2

Hermitian calibration explained in the previous section. Itand so the configuration preserve®f the bulk supersym-
therefore remains to describe the SAS calibrations with demetry. The bulk interpretation of the solution is that of three
grees 3 and 4. For SAS calibrations the number of transversatersectingM 5-branes, possibly at §8) angles, for which
scalars is the same as the degree of the calibration. So thke associated orthogonal intersection is
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M5 0,1,2,3,4,5,*,*, Fr=dH '0dx'0---Odx*, (73
M5 Ox,*,3,45,6,7%, respectively. We again introduce the frame
M5 0p,2#,4,5,6¢ 8. (72) eP=H "y, 1=p=4,

Alternatively, the solution describes an5-brane with to- et P=HYdyP, 1<p=4, (74)

pology E(?Xx B, where B is a three-dimensional SAS-

calibrated submanifold. and the symplectic form

For the degree-4 calibration, the relevant metric and form 4 3 _ _
field strength are w=, ePOe* P=> dxOdy'. (75)
p=1 =1
d€=H Y7 (dx}) 2+ (dx?)2+ (dx®)2+ (dx*)?]

Using again the almost complex structure associated ajith
+HY (dyh)2+ (dy?) 2+ (dy3) %+ (dy*)?], the calibration form is found to be

e=Reet+iet)D--O(e*+ied)
=H " tdx*0dx?0dx30dx* — dx*0dx?0dy3Od y* — dx* Od y?0dx30d y* — dx* Od y?Od y*Od x4 — d y* Od y?Od x3Od x*
—dy*0dx20dy30dx*— dy*Odx?0dx30dy* + Hdy*Od y?Od y*Od y*. (76)

As in the previous case, the solutions are determined by a M5 O0x,*,3,4,5,6,% *,
single real functiorf (x},x?,x3,x%) such that
M5 0!* !21* 1415!61* l81*1

. J
y| — 5]_ f(Xl,XZ,Xs,X4),

M5 0x,2,3#,5,65,%,9. (79
H™16™9,,d,f= >, detym(did;f ), (77 Alternatively, the solution describes an5-brane with to-
m pology EXVx B, whereB is a four-dimensional SAS sub-
where def;,, denotes the determinant of a matrix with the manifold.
mth row and column omitted. The Killing spinors of these . -
solutions obey the conditions C. Exceptional calibrations
[ T-T-T-T e e There are three exceptional calibrations to consider as fol-
ottt stat st s lows. The Cayley calibration which is a degree-4 calibration
I'[e=—Tgle with four transverse scalars. The relevant eight-dimensional

metric and form field strength are

I I'ze=—T'glge, d“32=H’1’2[(dx1)2+(dx2)2+(dx3)2+(dx4)2]

I'alae=—Tel e, (78) +HYA(dyh) %+ (dy?)?+ (dy®)*+(dy*)?],
and so they preservg of bulk supersymmetry. The bulk
interpretatioynpof th$ solutions Fi)s gs foury intersecting Fr=dH™0dx' 0 Odx, (80)
M5-branes, possibly at S4) angles, for which the corre- ] ) ]
sponding orthogonal intersection is respectively. The calibration four-form can be constructed
from the metric and a Spii) invariant self-dual four-form
M5 0,1,2,3,4,5,% % *, on k8, viz.,

o=H"1dx!0dx?0dx30dx*+ [dx30dx*0dy*Ody* + dx?Odx*0d y?Od y* + d x? Od x*C0d y?Od y* + d x* Od x*Od y?Od y*
+dxt0dx20dyt0dy?+ dxt0dx30dy* Ody3 + dx* Odx*0d y* Od y* + d x?0d x*Od y* Od y° — dx! Od x?Od y* Od y*
—dx*0dx*0dy?0dy® — dx30dx*Ody* Od y? — d x?0dx3Od y* Od y*] + Hd y* Od y?Od y*Od y*. (81)
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The equations which the transverse scalars satisfy are and so the configuration preservgsof the supersymmetry.
. ) _ The coassociative calibration is a degree-4 calibration
H™ (1Y = 3d,Yi=3d3Y j=3d,YK) with three transverse scalars. The relevant seven-dimensional

= 9 Y X A5 X Y + 1Y X 35Y X 3,Y i— dyY X d,Y metric and form field strength are

X 4Y j+ 31Y X d5Y X 95Y K, (82) €= HY ()4 ()24 ()4 (2]

together with the second order auxiliary condition +FHYE(dyh 2+ (dy?)2+ (dy®)?],

IM[ (1Y X 35Y — 33Y X 34Y)i + (1Y X dgY + 9,Y X 9,Y))
+(9.YX3,Y = 3,Y X 33Y)k]=0, (83 Fr=dH '0Odx!0---Odx?, (89)
where Y=y +iy2+jy3+ky* axbxc=1(abc—cha), a

Xb=—1(ab—ba), andi,j,k are the imaginary unit quater-
nions. The Killing spinors satisfy the conditions

respectively. The calibration four-form is constructed from
the above metric and the dual form of the structure constants
of octonions ink’ as

Tl Tee=e,

o=H"1dx*0dx?0dx30dx*+ [ dx30dx*0dy?Od y*
+dx?0dx*0dyt0dy* + dx?Od x30d y* Od y?
+dxt0dx30dyt0dy® — dx*0dx?0Ody?Od y?

Iilpe=—Tel'7e, — dx Odx*0dy*Ody?]. (90)

I',[ye=TTge, (84)

F3F4: _Fgrgf,

F2F3€: _F7F8€,

] The transverse scalars of this calibration satisfy the equations
and so the solution preservesof bulk supersymmetry.

The associative calibration is a degree-3 calibration with
four transverse scalars. The relevant seven-dimensional met- —H Yayti+ ay?j + ay3k) =gyt x gy®x ay®, (91
ric and form field strength are

d&¥=H"2q (dx')%+ (dx?)?+ (dx®)?] whered=d;+id,+jds+kd,; d;=3lx'. The conditions on
the Killing spinors are
+ HI (dy!)2+ (dy?) 2+ (dy?) 2+ (dyh)?], I
F2=dH 10dx*0dx?0dx3, (85 Lol Tse=e,
respectively. The calibration three-form is constructed from
the above metric and the structure constants of octonions as I3l 4e=—I5ge,
follows:
—g-1441 2 3 1 1 2 3 1
e=H tdx!0dx?0dx3+[dx'OdytOdy?+ dx30dy* Ody* T',Tye=TTge,
+dx?0dy?0dy*+ dx?0dytOdy* — dx*Od y3Od y*
—dx30dy?0dy?]. (86) I, e=—Tglge, (92

The equations which the transverse scalars satisfy are
_ _ and so the solutions preserye of bulk supersymmetry. In
—H Y0, Yi+3d,Y j+d3YK=09,YX3,YX3d3Y, (87)  all the above three types of calibratia=de¢ as required

. . . - for consistency.
whereY is defined as in the Cayley case. The conditions on

the Killing spinor are

V. CONCLUSIONS
r0F1F2F3F4F56: €,

We have shown that generalized calibrations arise natu-

I')I3e=—Tglge, rally in the context of supersymmetric configurations of
p-brane actions. In particular, we have derived the general-

I'iI3e=—T71ge, ized calibration bound from thp-brane supersymmetry al-
gebra. We have also presented several examples of such cali-

I'1F3e=—T¢lge, (88)  brations in M-brane backgrounds. These examples by no
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means exhaust the possibilities. An obvious generalizatiomany such cases are related to calibrations via duality chains,
would be to considet supersymmetric, intersecting-brane, so this limitation is not as severe as might be thought. We
backgrounds determined by two harmonic functions. Moreshould point out that calibrations were discussed in the
generally still, one can take any supersymmetric intersectin@-brane context if20]. There is also the possibility that a
brane configuration in flat spacetime and replace one of theeformulation of D-branes and theM5-brane in which
participating branes by its corresponding supergravity soluworld-volume vectors and tensors are induced from an ex-
tion. One then expects to recover the full intersecting branéended spacetime, as recently propof2t, might allow a
configuration as a generalized calibration of a probe brane idirect extension of the theory of calibrations to these cases
this background. Our examples are exclusivigljtheoretic,  too.
but string theory examples can easily be found and many are
simply rela_ted_to_th(_)se discus_sed _here _by some duality ch_ain. ACKNOWLEDGMENTS
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